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Abstract. The low energy continuum limit of graphene is eﬀectively known to be modeled using the Dirac
equation in (2 + 1) dimensions. We consider the possibility of using a modulated high frequency periodic
driving of a two-dimensional system (optical lattice) to simulate properties of rippled graphene. We suggest
that the Dirac Hamiltonian in a curved background space can also be eﬀectively simulated by a suitable
driving scheme in an optical lattice. The time dependent system yields, in the approximate limit of high
frequency pulsing, an eﬀective time independent Hamiltonian that governs the time evolution, except for
an initial and a ﬁnal kick. We use a speciﬁc form of 4-phase pulsed forcing with suitably tuned choice of
modulating operators to mimic the eﬀects of curvature. The extent of curvature is found to be directly
related to ω −1 the time period of the driving ﬁeld at the leading order. We apply the method to engineer
the eﬀects of curved background space. We ﬁnd that the imprint of curvilinear geometry modiﬁes the
electronic properties, such as LDOS, signiﬁcantly. We suggest that this method shall be useful in studying
the response of various properties of such systems to non-trivial geometry without requiring any actual
physical deformations.

1 Introduction
Quantum systems subjected to high-frequency periodic
driving have become a prominent feature of quantum simulation studies [1,2]. These studies are mostly aimed at
modelling various unique condensed-matter systems [3,4].
Floquet theory and its applications have been extensively studied [5]. Field induced driving [6], or that
generated through mechanical straining, for instance, in
graphene [7–11] have demonstrated their ability to create novel gauge structures and modify the energy spectra.
Such driving schemes have hence become increasingly popular in cold atom and ion-trap systems as a means of implementing eﬀective potentials that could simulate magnetic ﬁelds or spin-orbit couplings [12–19]. The theoretical
formalism underlying these driven quantum systems relies on a time dependent forcing that synthesizes an eﬀective approximate time independent Hamiltonian [20–27].
A recent trend in these investigations has been inclined
towards looking at a variety of driving schemes to explore
potentially interesting Hamiltonians [28].
In much of the last decade two areas have witnessed
rapid progress, namely, the physics of graphene with its
applications [29] and ultra cold atoms in optical lattices [30]. Interest in the former is driven by the realization of a perfectly ﬂat two-dimensional (2D) system
and the unique physics observed in the material due to
a
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its relativistic dispersion relation [31–33]. Optical lattices,
on the other hand, has oﬀered an indispensable simulator for realizing many-body condensed matter phenomena
and noting their response to a highly controllable variation of system parameters. This has motivated a signiﬁcant advancement in the eﬀorts to simulate graphene like
systems in optical lattice [34–43]. Graphene systems have
been studied in the presence of time dependent potentials [44,45]. Further graphene is noted to show exotic
properties, either under mechanical strain, curvature or
possessing defects such as dislocations [7–11,46–55]. These
studies often use a continuum model of Dirac fermions
in curved (2 + 1) dimensions in the limit of low energy
excitations. This has also been investigated in the cold
atom/optical lattice setup with the objective of studying
relativistic electrodynamics in the presence of gravity [56].
The experimental realization of such systems has presented technical diﬃculties arising from the spin-like and
position dependent nature of the nearest-neighbor hopping amplitude in their Fermi-Hubbard Hamiltonian. The
essential requirement is the coupling of an artiﬁcial nonabelian gauge ﬁeld to the ultra cold fermionic atoms in
the optical lattice (near half-ﬁlling) giving rise to the
appropriate eﬀective dynamics [57–65].
A key ingredient of all such simulations involves the
generation of artiﬁcial gauge ﬁelds in optical lattices
through periodic driving or “shaking” [17,66–68]. We propose the use of a certain driving scheme to obtain an
eﬀective curved graphene model in the optical lattice

Page 2 of 10

setup. The key distinction of our proposed scheme from
similar works [56] is our use of pulse sequences with suitably chosen modulating operators, as described in reference [28], to generate the eﬀects of smooth driving. This is
suggested as an alternate scheme to circumvent diﬃculties
arising from the complicated form of the eﬀective tunneling parameter in conventional treatments. An added
advantage of this method is the easy correspondence afforded by it between the continuum and the lattice using
a suitable map relating the operators in the two pictures.
In this work, we outline a scheme for the generation of
an approximate eﬀective Hamiltonian using periodic time
dependent forcing on a fermionic 2D optical lattice having the Bloch band topology of ﬂat graphene such that
the resulting static eﬀective system mimics the features of
a curved background. To compare with the Dirac equation in curved (2 + 1) dimensional background we consider a metric with a conformally ﬂat spatial part. The
Dirac equation in this curved background is cast in a
Hamiltonian form to allow easy comparison with the lattice Hamiltonian in the continuum limit. The eﬀects of
background curvature are noted. We have found an effective approximate time-independent Hamiltonian which
is obtained from a speciﬁc high frequency time-periodic
driving of the ﬂat space Dirac Hamiltonian. This eﬀective Hamiltonian is found to be identical to the Dirac
Hamiltonian in curved space at the leading order.
We also note the direct correspondence between the
nature and the periodicity of the driving to the form and
the extent of curvature. The modiﬁcation of the electronic
properties, speciﬁcally Local Density of States (LDOS) is
studied in low energy regimes near the Fermi points.
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in representing two-dimensional curved surfaces. This
metric has been used in the context of studying Dirac
equation coupled to curved space-time [78] with a distribution of defects, for instance, in the case of corrugated
graphene sheets [7–9].
The Dirac equation in curved space-time takes the
form
iγ μ (x) (∂μ + Γμ (x)) ψ = 0.

The spin connection term, Γμ (x), is given by reference [78]

 λν
α
Γμ (x) = gλα eiν,μ Eiα − Γνμ
s + aμ I
(3)
where eiν and Eiα denote the usual vielbeins and their
α
inverses respectively, Γνμ
are the Christoﬀel connection
λν
coeﬃcients and s are the generators of spinor transformation in curved space-time. This expression illustrates
the indeterminacy of the connection term to upto a constant aμ . Hence Γμ has an arbitrary trace [78]. This offers a gauge freedom which can be exploited depending on
the nature of the problem. We take the standard choice
for Γμ as:
Γμ (x) =

We consider the eﬀects of curvature of the background
space on the massless Dirac equation. The curved space
Dirac Hamiltonian is believed to govern the quasi-particle
(i.e., the massless Dirac fermion) dynamics in the continuum limit of the low energy approximation for graphene
sheets with curvature. In the subsequent sections, we shall
elaborate upon our intent to replicate such systems in the
framework of optical lattice simulation.
The Dirac equation in (2 + 1) dimensional space-time
has been studied in various contexts and has a well deﬁned
formalism [69–77]. This section provides a brief overview
of this as relevant to our work. We consider a (2 + 1)
dimensional space-time as the backdrop for our analysis.
We choose a space-time metric of the form


ds2 = dt2 − e−2Λ(x,y) dx2 + dy 2 ,
(1)
where t represents the time coordinate, x and y
are the spatial isothermal Cartesian coordinates,
and e−2Λ(x,y) denotes the conformal factor. We note
here that the two-dimensional spatial part of this metric diag (1, −e−2Λ(x,y) , −e−2Λ(x,y)) is completely general


 λν
1
α
gλα eiν,μ Eiα − Γνμ
s
2

(4)

with,


1 λ
γ (x), γ ν (x) .
(5)
2
The γ matrices with curved space-time indices are related to the usual Dirac matrices in ﬂat space by γ μ (x) =
Eiμ (x)γ i . We choose the following representation using the
Pauli matrices for the γ i s
sλν (x) =

2 Formalism
2.1 Massless Dirac equation in curved (2 + 1) D space

(2)

γ 0 = σz

γ 1 = iσ y

γ 2 = −iσ x .

(6)

In our choice of representation, σ z is diagonal and σ y is
complex.
The spin connection components, for our metric (see
Eq. (1)), are given as:
Γ1 (x) =

i ∂Λ(x, y) z
i ∂Λ(x, y) z
σ , Γ2 (x) = −
σ .
2 ∂y
2 ∂x

(7)

The massless Dirac equation in curved (2 + 1) space-time,
can hence be written as:



z ∂
Λ(x,y)
y ∂
x ∂
iσ
−e
−σ
σ
∂t
∂x
∂y


Λ(x,y)
∂Λ(x, y) x ∂Λ(x, y) y
e
σ −
σ
+
ψ = 0, (8)
2
∂y
∂x
where we have used equations (2) and (4). This equation
can be recast in an explicitly Hamiltonian form by breaking the manifestly covariant form as:



∂ψ
i ∂Λ(x, y) y ∂Λ(x, y) x
= eΛ(x,y) −iσ j ∂j −
σ +
σ
i
ψ.
∂t
2
∂y
∂x
(9)
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The entire operator acting on ψ in the RHS of the above
equation may be interpreted as the Dirac Hamiltonian in
curved space. This Hamiltonian is required to be synthesized using the driven optical lattice. As will be shown
later it is possible to formulate a driving scheme which
does exactly this. In the following section we discuss
a procedure for obtaining an eﬀective time-independent
Hamiltonian for periodically driven systems. This shall
ﬁnd appropriate implementation in optical lattices.
2.2 Periodic pulsing and eﬀective Hamiltonians
In the study of quantum systems having periodic time
dependent Hamiltonians [22,23], a special category is devoted to the class of systems where the system is subjected
to high frequency periodic forcing [20]. The theoretical
treatment of such systems has its roots in the study of
similar classical systems [79,80]. The literature suggests
various routes to arrive at an eﬀective time-independent
Hamiltonian [21,24–26]. The traditional practice of using
the Cambell-Baker-Hausdorﬀ (CBH) expansion or Trotter
expansion to study Floquet systems has certain inherent
defects [26,27]. A recent approach [28], inspired by reference [26], forms the basis of our formalism. It uses the idea
of engineering eﬀective Hamiltonians by applying carefully selected periodic driving schemes to quantum systems, geared towards generating desired eﬀective static
systems.
To start with, we consider a time-periodic
Hamiltonian H(t) that can be written as:
H(t) = H0 + V (t),

(10)

where H0 is time independent and V (t) is the periodic
time dependent part such that V (t + T ) = V (t). The periodic time-dependent operator V (t) can be expanded in
a Fourier series as:
V̂n einωt +

V (t) = V0 +
1≤n<∞

V̂−n e−inωt .

(11)

1≤n<∞

In order to obtain the eﬀective time independent
Hamiltonian one writes the time evolution operator as:
U (ti , tf ) = e−iF̂ (tf ) e−iĤeﬀ (tf −ti ) eiF̂ (ti ) ,

Heﬀ = H0 + V0 +
1
+
2ω 2

∞

1
ω

1
2
n
n=1

1
V̂n , V̂−n
n
n=1
V̂n , H0 , V̂−n

N

V (t) =

fr (t)Vr

(14)

r=1

where fr denotes a square proﬁle such that

1, (r − 1)T /N ≤ t ≤ rT /N,
fr (t) =
0, elsewhere.

(15)

Here, Vr are arbitrary operators that are free to be chosen
as per ones requirement. Each phase lasts for a duration
N
of T /N . We also impose the condition r=1 Vr = 0.
The time-dependent Hamiltonian for such a choice of
driving is then
N

(12)

where, one introduces a time dependent Hermitian operator F̂ . The idea is to push all the time dependence
to the initial and ﬁnal “kick” terms and render the
main time evolution to be dictated by a time independent Hamiltonian. The systematic formalism (see Appendix) yields the following expression for the eﬀective
Hamiltonian [28]
∞

The correction terms that appear in the eﬀective
Hamiltonian depend on the commutator of the Fourier
coeﬃcients V̂n with each other and with the unperturbed
Hamiltonian H0 . It is worth noting, that, for potentials
which have time-reversal symmetry (V (t) = V (−t)) equation (11) imposes restrictions on the coeﬃcients so that
the commutator [V̂n , V̂−n ] vanishes. For such potentials
the leading order correction is O(ω −2 ). The appearance of
the O(ω −1 ) term with a non-zero coeﬃcient is a feature
of potentials with dependence on momentum operators in
addition to position and time. Time reversal symmetry
is broken in these cases. Several possible choices for such
potentials are worked out in reference [28]. Our choice of
driving potential, discussed in the latter portion of this
work, falls into this category. This serves as a helpful reminder of the occasional deviations from the intuitively
expected O(ω −2 ) leading order correction in the eﬀective
Hamiltonian, which is expected for potentials with time
reversal symmetry.
We shall now focus on a speciﬁc kind of forcing potential. The driving potential V (t) shall be considered to be
a sequence of pulses that repeat periodically. The choice
of the number of phases in a given pulse sequence dictates the form of the eﬀective Hamiltonian. This oﬀers a
wide variety of possibilities up to a given order ω −1 in the
perturbation expansion.
Let us consider a general N -phase pulse sequence, with
period T , of the form

H(t) = H0 +

fr (t)Vr .

(16)

r=1

Using the Fourier series expansion this can be written as:
V̂n einωt ,

H(t) = H0 +

(17)

n=0

where
V̂n =

1
2πi

N
r=1

1 −2πinr/N 2πin/N
e
(e
− 1)Vr .
n

(18)

It is possible to use equation (13) at this stage to ob
−3
+ h.c. + O(ω ). tain a generic expression for the time-independent eﬀective Hamiltonian for the kind of driving given in equa(13) tion (14) (Eq. (30) in Ref. [28]).
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Given the ﬂexibility of choosing the number of phases
and also the modulating operators, a wide variety of effective Hamiltonians can be generated. The next section
deals with one such choice that enables us to design the
required gauge ﬁeld to simulate the physics of curved
graphene in optical lattices. The usefulness of such a pulsing scheme is demonstrated by showing its equivalence to
an optical lattice shaken/modulated by a smooth driving.
The modulation scheme used in standard optical lattices does not consist of such pulsing and instead uses
smooth driving. The eﬀective Hamiltonian obtained for
smoothly modulated optical lattices carries an imprint of
the modulation frequency through the renormalized hopping term (which is a function of ω). On Taylor expanding
the hopping parameter as a series in ω −1 , this eﬀective
Hamiltonian matches with the one obtained by a pulsing
scheme at the leading orders [28].

We note that the low energy limit of a continuum approximation of graphene, as simulated in the lattice, has
the Hamiltonian of the form [29]
HG = −ivF σ j ∂j

in units of , where vF is the Fermi velocity and ∂j =
(∂x , ∂y ) is the gradient operator in 2-dimensions. We shall
subsequently work in units where vF = 1. This motivates
us to consider the primary Hamiltonian in our analysis as
−iσ j ∂j . The discussion here solely employs the continuum
formalism for the operators and the mapping to the second
quantized forms for the operators and the Hamiltonians
are only introduced later in the section on results and
discussion.
Let us consider a driving scheme with H0 = −iσ j ∂j ,
the Dirac Hamiltonian in ﬂat space and choose the operators A and B of the form
A = σ j αj

2.3 Simulating rippled graphene: optical lattice scheme
As mentioned previously, the use of fermionic optical lattices to simulate Dirac cones and massless Dirac fermions
is well established. In such a system the application of
a time-dependent sinusoidal modulation can be used to
obtain novel gauge eﬀects in an artiﬁcial time-averaged
manner. The possibility of doing this using the method
discussed in the previous section is elaborated here.
Among the wide range of choices that do exist, our
problem lends itself rather neatly to a 4-phase pulse sequence with modulation of the Hamiltonian given by:
P4 : {H0 + A, H0 + B, H0 − A, H0 − B}.

(19)

This compares to equation (14) for N = 4 with V1 =
−V3 = A and V2 = −V4 = B, where A and B are suitable
operators. As discussed in the last section, this is equivalent to a smooth driving of the form
V (t) = A cos(ωt) + B sin(ωt).

(20)

This choice of the time-dependent potential yields the
following eﬀective Hamiltonian [28]
1
i
[A, B] 2 ([[A, H0 ], A] + [[B, H0 ], B])
2ω
4ω
+ O(1/ω 3 ).
(21)

Heﬀ = H0 +

It is signiﬁcant in our context to note that the expression
for Heﬀ has both ﬁrst order and second order terms in ω
with the appropriate commutator brackets. The freedom
in the choice of A and B allows us to engineer the desired
eﬀective Hamiltonian.
The periodic driving scheme has a small parameter ω −1 , the time-period of forcing. It is our contention
that it is possible to use the formalism of generating eﬀective approximate Hamiltonians, through a choice of suitable operators A and B as mentioned in equation (19),
to reproduce a Dirac Hamiltonian in curved space. This
would involve choosing an appropriate pulsing scheme.

(22)

B = σ k βk

(23)

where, αj = [i∂y , −i∂x , 0] and βk = [0, 0, −f (x, y)]. With
this choice, equation (21) yields an approximate eﬀective
Hamiltonian Heﬀ up to order ω −1 given by:
 

f (x, y)
1
−i 1 +
σ j ∂j
Heﬀ =
2
ω



f (x, y)
1
j
iσ ∂j 1 +
.
(24)
−
2
ω
For large ω this is a good approximation. The term
of O(ω −2 ) is signiﬁcantly suppressed and manifests as
non-trivial couplings and maybe ignored for our present
analysis. With a substitution


f (x, y)
Λ(x,y)
e
= 1+
ω
we have
Heﬀ =

1
[−ieΛ(x,y)σ j ∂j − iσ j ∂j eΛ(x,y) ]
2

(25)

such that the entire expression is in terms of Λ(x, y) instead of f (x, y). The Hamiltonian in equation (25) can be
further simpliﬁed and explicitly written as follows



i ∂Λ(x, y) y ∂Λ(x, y) x
Λ(x,y)
j
Heﬀ = e
σ +
σ
−iσ ∂j −
.
2
∂y
∂x
(26)
We seek to map this eﬀective time-independent
Hamiltonian that is obtained from the original timedependent Hamiltonian to the Dirac Hamiltonian in
curved space. The function Λ(x, y) appearing here is expected to be mapped to the metric in some fashion in the
equivalent curved space description.
Comparing equations (26) and (9) we establish the correspondence between the periodically driven eﬀective system and a curved space description. The function Λ(x, y)
that depends on the periodic driving scheme is now seen to
appear in the conformal factor of the metric in the curved
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space picture. A quantity of geometrical interest describing 2D curved surface is the Gauss curvature K(x, y)
given by:
K(x, y) = e2Λ ∇2 (Λ).
(27)
This scalar function has complete information about the
curved 2D surface. Since Λ = ln(1 + f (x,y)
ω ) depends on
the driving scheme f and driving frequency ω, the curvature shall depend on these directly. It is hence possible
to reproduce the eﬀects of curvature (K = 0) by suitably manipulating the driving scheme. This completes the
mapping between the two equivalent pictures.
In order to conﬁrm that our model suitably mimics the
properties of curved graphene, it is required that some
physical quantity associated with it be computed and
obtained experimentally. We regard the local density of
states (LDOS) to be a suitable candidate. In the following we brieﬂy recapitulate its signiﬁcance and prescribe a
method for determining it theoretically.
The LDOS is a quantity of interest in the study of
electronic and transport properties of various condensed
matter systems. It oﬀers information regarding the spatial variation in the density of states over a region, arising
out of local disturbances, that can be veriﬁed experimentally using scanning tunneling microscopy (STM) techniques. It is therefore a physically relevant parameter for
our study. Our analysis suggests that the electronic properties for a periodically driven graphene like optical lattice system, describable by a Dirac Hamiltonian, shall be
the same as one expects for the same system in a curved
background without any periodic forcing. To compute the
LDOS [81] one ﬁrst needs to calculate the Green’s function
for the system, for the case of non-interacting electrons,
as follows.
G(z, r, r ) =
n

ψn (r)ψn∗ (r )
(z − En )

(28)

where, z denotes a complex energy variable, ψn are energy eigenstates in coordinate representation, En represents the energy eigenspectrum and the sum ranges over
the n eigenvalues of energy. The expression for the LDOS
is given as:
1
ρ( , r) = − Im
π

n

|ψ(r)|2
( + iδ − En )

(29)

which may be written as
1
LDOS = ρ( , r) = − Im [G( + iδ, r, r )] .
π

(30)

We shall compute the LDOS numerically using the spectrum of the Hamiltonian in equation (26) and compare it
with the ﬂat space case where Λ = 0.

3 Results and discussion
The study of alterations to the electronic properties of
graphene sheets as a result of deformation, curvature, defects or impurities focuses chieﬂy on the modiﬁcations

to the LDOS or the appearance of a gap at the Fermi
points [10,33,47,48,82–87]. These works discuss the possibility of opening a band gap in graphene at the Dirac
point, which is known to be topologically protected by
inversion and time reversal symmetries [88–90]. The presence of perturbations that respects these discrete symmetries can only move the Fermi points but not create a
gap [91]. A hybridization of the Fermi points with opposite
topological charge (winding number) allows a subsequent
opening of gap [92].
In our present analysis we attempt to examine the effect on the LDOS for graphene-like optical lattice under
a periodic driving. The approach has similar motivations
to earlier studies on LDOS in rippled graphene [47,48].
The principal diﬀerence being that our system does not
involve taking a graphene sheet with any curvature or defects but imparting curved-graphene properties to an optical lattice via pulsing. The choice of the driving scheme
function f (x, y) that maps to the conformal factor in the
metric is taken as:
f (x, y) = x2 + y 2 .

(31)

This choice of the driving scheme is used to compute the
curvature according to equation (27) and yields a constant Gaussian curvature K(x, y) = ω4 . Thus the curvature
turns out to be inversely proportional to the driving frequency ω. Hence, with our high frequency driving scheme
(high frequency is a necessary condition required for the
convergence of the perturbation series in Eq. (A.10)) we
are able to model a small positive constant curvature.
The deep signiﬁcance behind the similarity between
the Dirac Hamiltonian in curved space and the eﬀective
time independent Hamiltonian needs to be addressed. This
can be understood by acknowledging that the eﬀects of
both curvature and driving ﬁnd expression through the
unifying formalism of eﬀective gauge ﬁelds. In the case
of a rippled graphene sheet [47,48,51–54] it has been well
established that the eﬀect of curvature manifests in the
curved space Dirac equation through an artiﬁcial magnetic vector potential giving rise to a pseudo-magnetic
ﬁeld. This is a reinterpretation of the contribution coming from the spin connection and the curved space gamma
matrices, which characterize the changes to the ordinary
ﬂat space derivatives (giving the correct form of the covariant derivatives in curved space). The modiﬁcation gets
carried over into the lattice picture through a phase factor
that modulates the hopping term (Peierls phase). This is
the usual way to couple a gauge ﬁeld to a tight binding
Hamiltonian.
It is also a matter of fact that periodic driving can
indeed replicate gauge structures [28]. A landmark approach [17] maybe used to simulate complex valued hopping parameters with a tunable value for the Peierls phase
in the eﬀective time independent lattice Hamiltonian.
Thus a scheme for simulating a vector potential that
amounts to a ﬁnite pseudo-magnetic ﬂux through a 2D
lattice is available. Mathematically, the slow part of the
∂
eigen states of the Floquet Hamiltonian −i ∂t
+H are the
object of study in the time independent picture. The use
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of a unitary gauge transformation eiF (t) (see Appendix) to
map the states of the system to a projective space where
the evolution of the system is governed by a time independent Heﬀ , essentially involves a transformation of the
time evolution operator in a manner similar to the transformation of the momentum operator (i.e. the operator for
translation) in the presence of a minimally coupled gauge
ﬁeld. Equation (A.7) is very similar to a gauge transformation. Thus, from a diﬀerential geometric point of view, the
periodic driving deﬁnes its own connection due to which
arises a holonomy in the line bundle over the projective
space of rays of the Hilbert space [93]. In this manner a
gauge invariant time dependent phase appears as corrections to the quasi-energies of the system over time periods large compared to that of the high frequency periodic
driving.
It is possible to write down the operators A and B of
the driving in the conventional second quantized notation.
To do so we adopt a convention in which the fermionic
optical lattice Hamiltonian reads
†
†
Ψk+1,j
σ x Ψk,j + Ψk,j+1
σ y Ψk,j

H0 = J
k,j

− h.c. + Hon-site

(32)

where, J is the plain hopping parameter, a the lattice
†
= (â†k,j , b̂†k,j ) creates a particle at the site
spacing, Ψk,j
(ka, ja) in some spin state. The operators âk,j and b̂k,j
stand for the two triangular sub-lattices of the optical lattice. The operators A and B in this convention, for the
choice of f (x, y) in equation (31), becomes
A=−

i
2a

B = −σ z

†
†
Ψk,j+1
σ x Ψk,j − Ψk+1,j
σ y Ψk,j − h.c.
k,j
2

a
2

†
†
k 2 Ψk+1,j
σ x Ψk,j + j 2 Ψk,j+1
σ y Ψk,j + h.c.
k,j

(33)
In the above expressions, we make use of the following
map between continuum operators and those on the lattice
as [28]
− iσx ∂x ≡
− iσ y ∂y ≡

i
2a
i
2a

†
Ψk+1,j
σ y Ψk,j − h.c.
k,j
†
Ψk,j+1
σ x Ψk,j − h.c.

(34)

k,j

and
x2 + y 2 ≡

a2
2

†
k 2 Ψk+1,j
σ x Ψk,j
k,j

†
+ j Ψk,j+1
σ y Ψk,j + h.c.
2

(35)

The mapping between the continuum operators and
their lattice counterparts enables the actual possibility of
simulation of the Hamiltonian on the lattice.

The issue of experimentally realizing the system as described above is contingent on successful implementation
of the lattice operators A and B, followed by a design of
the driving which would ultimately yield the desired eﬀective Hamiltonian in the time independent approximation.
This has to be approached in an incremental fashion. The
operators A and B are themselves constructed from operators for position and momentum in a 2D, fermionic
optical lattice. Experimental realization of these operators uses pulsed directional hoppings i.e. time dependent
modulation of tunneling [12] by varying the laser intensity in a certain direction. However, in our case the 2 × 2
character of the Hamiltonian is also to be accounted for.
This requires a periodic drive capable of imparting such
features.
A scheme, recently suggested, in an eﬀort to simulate
spin-orbit coupling (SOC) through periodically driving a
tight-binding lattice of neutral ultra-cold atoms [94] may
enable this. This uses a spin-dependent periodic driving
force, achieved through a time periodic magnetic ﬁeld coupled to opposite spin states, to generate complex valued
tunneling parameters. There is an additional radio frequency coupling between adjacent spin states. The cumulative eﬀect when viewed from the perspective of a time
independent eﬀective Hamiltonian is that of an optical lattice with a spin-dependent renormalization of the hopping
term. This technique is accompanied with the added advantage of generating a site dependent phase associated
with the terms of the Hamiltonian which are associated
with tunneling between adjacent sites (this being an essential feature of our Hamiltonian). It must be noted here
that the work [94] deals with a 1D lattice, whereas we
require the scheme to be adapted for the 2D case.
The procedure, upto this point, manages to realize the
operators A and B in a time averaged manner. In order to further set up our curved space Hamiltonian we
have to resort to alternating between the two operators
in the manner of the 4-phase pulse sequence discussed in
Section 2.3. Thus another layer of time averaging will be
required to arrive at our desired Hamiltonian. The pulsing may be devised such that during the phase when A
is supposed to act we use a combination of laser tuned
tunneling and radio frequency tuning and for B just the
SOC modelling technique be used. The need to work with
multiple time scales is apparent here and one is required
to average through these to get at the desired Hamiltonian
over a prolonged duration. The issues related to cooling
and the spontaneous emission of photons are claimed to
be partially overcome in the SOC modelling technique discussed above as compared to near-resonant Raman laser
coupling schemes. However, periodic driving does create
excitations in the system which may lead to spontaneous
emission. This is inﬂuenced by the driving frequency, lattice modulation and interactions between particles (see
Refs. in [94]). The experimental viability of sustaining
multiple time scales in the system to obtain the desired
dynamics over a reasonable duration of time without undue heating and excitations has to be further looked into
and is beyond the scope of the present work.
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Fig. 1. Correction to the LDOS given by ρρo − 1 with ρ being the LDOS for pulsed graphene and ρo that for ordinary
graphene.

It also remains to be seen how the approach suggested
above compares with the purely spatial techniques elaborated in reference [56]. One of these is to use the magnetic ﬁeld induced Zeeman splitting of the hyperﬁne levels
and design the system as a bichromatic spin-independent
super-lattice. The fermi gas of atoms used can be made
to populate various sublevels and transition between them
via laser induced tunneling. The spatially dependent nature of the tunneling is ensured by making the Raman
laser detunings hence Zeeman splittings spatially dependent. This method however, besides its inherent technical
complexity, has to contend with issues of stability and the
lifetime of atomic excitations owing to spontaneous emission of photons. An alternative method, also put forward
in the same work, considers using the waist spread of laser
beams to generate tunneling terms. Here the variation of
the laser intensity over the dimensions of the lattice created spatially dependent hopping terms. The drawback of
this method is the restriction to only a Gaussian variation
of the tunneling operators and no control over this feature
can be exerted. This signiﬁcantly limits the freedom of realizing various metrics for the curved space Hamiltonian.
We investigate the nature of the LDOS for the
Hamiltonian in equation (26) and look for the imprint of
spatial curvature in its behavior. The LDOS computations
are performed for the choice of the driving scheme given in
equation (31). The expressions in equations (28) and (30)
are evaluated numerically to estimate the LDOS. Figure 1
shows the modiﬁcation to the LDOS for our system over
that of normal graphene in ﬂat space. The ﬁgure shows
the quantity (ρ/ρ0 ) − 1 plotted in the color contour map
against the spatial coordinates x and y. As seen in the
ﬁgure, a large positive correction is centered at the reference origin indicating maximum increase in the number
of available states per unit energy. This is a clear indication that electronic properties are signiﬁcantly altered in
our system. An 80% correction is observed at the maxima for our choice of driving frequency which yields a ω −1
of ∼0.01. We note that a similar behavior of the LDOS
has also been observed in the study of graphene in curved
space with positive curvature [51–54].

We conclude by noting that the use of periodic forcing to generate the eﬀects of curved space on 2D quantum systems has a far reaching inﬂuence in theoretical
studies and technological applications. The traditional
Floquet analysis of periodically driven systems uses
the CBH/Trotter expansion to ﬁnd the eﬀective static
Hamiltonians. We use an alternative perturbative formulation using a pulsed driving scheme and ﬁnd an eﬀective approximate Hamiltonian. We show that the driving scheme
can be chosen to simulate tunable geometric properties
of curved space. Our work particularly studies an optical
lattice analogue for graphene in curved space. The massless Dirac equation and Hamiltonian in curved space, that
model electronic behavior in curved graphene, are derived
for a conformal metric. The same is shown to be obtained
in a periodically driven fermionic optical lattice having
chosen the appropriate modulating operators. We go on
to analyze the geometrical and physical features of the
system, namely, the Gauss curvature and LDOS. These
are computed for a particular choice of metric and deviations from the unperturbed system are noted. This opens
up the possibility of synthesis of new systems in quantum
simulators and the study of their physical properties.

Appendix
The approach outlined here is based on earlier
works [26,28]. Time evolution of a state ψ(t) is given by:
i

∂ψ
= Ĥψ
∂t

(A.1)

where Ĥ = Ĥ(t). The evolution of an initial state ψ(ti ) =
ψi to a ﬁnal state ψ(tf ) = ψf is governed by a Unitary operator U (ti , tf ) such that ψf = U (ti , tf )ψi . The
Hamiltonian under consideration is of the form
Ĥ(t) = Ĥo + V̂ (t).

(A.2)

Integrating equation (A.1) is not trivial since the
Hamiltonian at diﬀerent times do not commute. Standard
perturbation methods are also only applicable when the
potential is a weak correction. We are interested in potentials that are periodic in time
V̂ (t) :

V̂ (t + T ) = V̂ (t).

(A.3)

Let us deﬁne a Unitary transformation Û(t)
Û :

ψ(t) → Û ψ(t) = φ(t).

Such that φ(t) satisﬁes
i

∂φ(t)
= Ĥeﬀ φ(t),
∂t

(A.4)

where Ĥeﬀ is to be made to be time-independent. We
seek an operator Û(t) = eiF̂ (t) (where F̂ (t) is Hermitian)
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such that φ(t) = Û (t)ψ(t), evolves under an eﬀective time
independent Hamiltonian Ĥeﬀ . Therefore we have,
i


∂
Ûψ(t) = Ĥeﬀ Ûψ(t),
∂t

(A.5)

and


∂ F̂
e
∂t


e



1
∂ F̂
∂ F̂
−
F̂ ,
=i
∂t
2
∂t
 

i
∂ F̂
+ ...
−
F̂ , F̂ ,
6
∂t

−iF̂

and
Û(t) = e

iF̂ (t)

,

(A.6)
Expanding the potential in Fourier series, we have

which upon further evaluation yields
Ĥeﬀ = e

iF̂ (t)

Ĥe

−iF̂ (t)


∂
eiF̂ (t) e−iF̂ (t) .
+i
∂t

(A.7)

All the time dependence is pushed to the operator F̂ (t)
and Ĥeﬀ is rendered time-independent. For an evolution
from ti → tf , we therefore have a trivial evolution
φ(tf ) = e−iĤeﬀ (tf −ti) φ(ti ).

U (ti , tf ) = e−iF̂ (tf ) e−iĤeﬀ (tf −ti ) eiF̂ (ti ) .

Ĥeﬀ =
0≤n<∞

F̂ =
1≤n<∞

1 (n)
F̂ .
ωn

a. Write equation (A.7) for Ĥeﬀ as an expanded perturbation series in ( ω1 ).
b. At each order of perturbation, which corresponds to
a speciﬁc power of ( ω1 ), retain the time-independent
average (taken over one time-period T ) in Ĥeﬀ and
adjust F̂ to annihilate any time dependence.
c. Repeat the procedure at each order in perturbation.
The following identities are of help in following the above
prescription
1
eiF̂ Ĥe−iF̂ = Ĥ + i F̂ , Ĥ −
F̂ , F̂  Ĥ
2


i
F̂ , F̂ , F̂ , Ĥ
+ ...
−
6


1
(n)
and F̂ =
Substituting Ĥeﬀ =
0≤n<∞ ω n Ĥ

1
(n)
in equation (A.7), and using equa1≤n<∞ ω n F̂
tions (A.11) and (A.12), the prescription given above gives
us up to O(1/ω 2 ):
 eﬀ = H
 0 + V0 + 1
H
ω
+

1
2ω 2

+

1
3ω 2

(A.11)

∞

∞

1  
Vn , V−n
n
n=1

1
2
n
n=1
∞

 0 , V−n + h.c.
Vn , H

1
nm
n,m=1

1
F(t) =
iω



Vn , Vm , V−n−m

− 2 Vn , V−m , Vm−n


+ h.c.


1  inωt 
Vn e
− V−n e−inωt
n
n=1
∞

∞

+

1
iω 2

+

1
2iω 2

+

1
2iω 2

(A.10)

The prescription to obtain the eﬀective Hamiltonian is as
follows.

(A.13)

n=1

(A.9)

Here, F̂ (t) is a time dependent Hermitian operator with
F̂ (t + T ) = F̂ (t). It is important to note here that Ĥeﬀ is
independent of both ti and tf , which have been transferred
into the “Kick” terms eiF̂ (ti ) and e−iF̂ (tf ) respectively.
It is generally not possible to extract the operators F̂ (t)
and Ĥeﬀ in closed analytic form except for some special
cases. However, if the driving frequency ω = 2π/T is high,
one can consider a perturbative expansion using the small
parameter 1/ω. The expansions for Ĥeﬀ and F̂ are


Vn einωt + V−n e−inωt .

∞

V (t) = V0 +

(A.8)

Since, φ(tf ) = eiF̂ (tf ) ψ(tf ) and φ(ti ) = eiF̂ (ti ) ψ(ti ), we
have U : ψi → ψf given by:

1 (n)
Ĥ
ωn

(A.12)

1
n2
n=1


 0 + V0 einωt − h.c.
Vn , H



1
Vn , Vm ]ei(n+m)ωt −h.c.
n(n+m)
n,m=1
∞

∞

1
n(n−m)


Vn , V−m ei(n−m)ωt −h.c. .

n=m=1

(A.14)
This general expression for the approximate eﬀective
static Hamiltonian for periodically driven systems is used
in the article.

References
1. I. Bloch, J. Dalibard, W. Zwerger, Rev. Mod. Phys. 80,
885 (2008)
2. Y.J. Lin, R.L. Compton, A.R. Perry, W.D. Phillips, J.V.
Porto, I.B. Spielman, Phys. Rev. Lett. 102, 130401 (2009)
3. M. Greiner, O. Mandel, T. Esslinger, T. Hänsch, I. Bloch,
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J. Struck, M. Weinberg, P. Windpassinger, K. Sengstock,
M. Lewenstein, A. Eckardt, Phys. Rev. Lett. 109, 145301
(2012)
68. J. Struck, M. Weinberg, C. Ölschläger, P. Windpassinger,
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